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ABSTRACT: The essential work of fracture (EWF) method is widely used in the experimental characterization
of fracture toughness of thin polymer films. However, the underlying physics of this method and the EWF
parameters are not completely understood. In the present work, we investigated the correlations between the
EWF parameters and the molecular structures of amorphous and ductile polymers. Based on our experimental
observations, a physical model describing the EWF method on the molecular level was built. With this model,
the variations of the EWF parameters with extrinsic and intrinsic factors under a plane stress condition were
explained successfully; the theoretical values estimated with some assumptions and approximations of the EWF
parameters agree satisfactorily with the experimental ones. This is the first theoretical model in the development
history of the EWF method, which gives reliable physical meanings of the EWF parameters. The precise description
of the molecular structure and fracture toughness relationships given by this model can also provide guidelines
to molecular design of new polymers with high toughness.

Introduction

Fracture toughness is one of the most important material
properties for engineering applications. For brittle or semibrittle
materials where only small plastic deformation is involved
during fracture, fracture toughness can be characterized with
well-developed theories including linear elastic fracture mechan-
ics (LEFM) and elastic plastic fracture mechanics (EPFM). For
ductile materials, because of the involvement of extensive plastic
deformation during fracture, the situation becomes complicated.
Both LEFM and EPFM are no longer applicable. The essential
work of fracture (EWF) method was then developed, which is
to characterize the fracture toughness of ductile materials with
extensive plastic deformation involved.1-5 This method assumes
that the total fracture energy can be separated into two
components. One is dissipated in the actual fracture process zone
(FPZ) to create the fracture surface while the other is dissipated
in the outer diffuse plastic deformation zone (PDZ). It is
proposed that the former is a surface energy, and the latter is a
volumetric energy. The total fracture energy is expressed aswf

) Wf/lt ) we + âwpl, wherewf is the specific total fracture
work, we is the specific essential work of fracture associated
with FPZ, wp is the specific plastic (or nonessential) work of
fracture associated with PDZ,â is the shape factor of the plastic
zone,l is the ligament length, andt is the thickness of the test
specimen. Because of its simplicity, the EWF method has been
widely applied to various ductile materials,6-10 and it is
considered as one of the most promising techniques for
toughness determination of ductile and toughened materials. In
1995, the European Structure Integrity Society (ESIS) proposed
a protocol specifying test conditions for the EWF test.11

Despite its triumph in experimental applications, the underly-
ing physics of the EWF method is however vague. Mathematical
modeling was attempted to lay down a theoretical basis for this
method but with little success.12 This is understandable because
precise modeling of ductile fracture by the traditional fracture

mechanics is extremely difficult, if not impossible, due to the
large-scale plastic deformation involved. In the meantime, efforts
to understand the EWF method through establishing the
correlations between the EWF parameters and the molecular
structures of ductile polymers were also made, based on the
well-established theories of polymer physics.6-10 Though these
pioneering works did not unveil the physics behind the EWF
method, some did suggest the possibility to explore the
underlying nature of the EWF by polymer physics. In this work,
we established the correlations between the EWF parameters
and the molecular structure with a series of tailor-made
polymers, which had well-defined molecular structures. With
an understanding of our experimental observations from the
well-established theories of polymer physics, a model describing
the EWF on the molecular level was built and verified with the
experimental data of a set of glassy polymers published by other
research teams.

Experimental Section
The polymer samples were polyurethanes (PU) and poly(ethylene

terephthalate) (PET)-based copolyesters. The PU samples were
synthesized in our lab via a two-step polymerization process with
a variety of soft segment (SS) to hard segment (HS) ratios (i.e.,
1:2, 1:3, 1:4, 1:6, and 1:8). The SS was poly(propylene glycol)
(PPG) with an average molecular weight of 1000 g/mol, and the
HS was 4,4′-methylene diphenyldiisocyanate (MDI). These samples
were named according to the SS/HS ratio. For instance, PU12
indicates the PU sample with a SS/HS ratio of 1:2. To further
modify the network structure of the PU samples, a series of PU14,
having a SS/HS ratio of 1:4, were irradiated withγ-rays at room
temperature with different dosages (i.e., 10, 20, 50, and 100 kGy).
All the PU samples were examined by dynamic mechanical analysis
(DMA), small-angle X-ray scattering (SAXS), and Fourier trans-
form infrared spectroscopy (FTIR). They were disclosed to have a
homogeneous morphology with a single amorphous phase and a
network structure.13 For the nonirradiated PU samples, the network
structure was formed with hydrogen-bonded HS clusters, which
acted as physical cross-links connecting the SSs. For the PU samples
with γ-ray irradiation, chemical cross-links were introduced and
the network structure was varied. Through determining the rubbery
plateau modulus (GN

0) by DMA, all the nonirradiated PU samples,
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except PU12, were found to have a nearly identical value ofMc

(molecular weight between two adjacent cross-links,GN
0 ) FRT/

Mc), independent of the SS/HS ratio. PU12, on the other hand, had
a larger value ofMc. The value ofMc of the γ-ray-treated PU14
samples, measured by the method of swelling with a DMF solution,
were found to decrease with an increasing irradiation dosage. This
decrease was a result of the introducing of chemical cross-links
during the irradiation treatment.13 Three amorphous copolyesters
were also tested. They were PET, synthesized from terephthalic
acid and ethylene glycol, and two copolyesters based on modified
PET, namely PET_C and PET_N. In PET_C, a part of the ethylene
glycol group in the PET main chain was replaced by 1,4-
cyclohexanedimethylene glycol; in PET_N, it was replaced by
neopentyl glycol. The detailed descriptions of these copolyesters
were given in ref 14. With the molecular modification, the network
characteristics and polymer chain flexibility of the copolyesters vary
accordingly.

The EWF tests were carried out with double-edge notched tensile
(DENT) specimens on an MTS universal testing machine (Alliance
RT/5) with a cross-head speed of 5 mm/min and at temperatures
below the glass transition temperature (Tg) of the samples, namely
in their glassy state. The specimen width, gauge length, and overall
length of the DENT specimens were 40 mm, 50 mm, and 100 mm,
respectively. The ligament lengths of the DENT specimens ranged
from 5 to 25 mm with an interval of 5 mm and measured with a
traveling microscopy before the tests. The initial cracks were
notched with fresh blade razors. At each ligament length, at least
three specimens were tested. To ensure the tests were under a plane
stress condition, the thicknesses of all the samples were less than
0.5 mm. After careful examinations according to the ESIS standard,
all the tests were found valid.

Results and Discussion

As shown in Table 1, except PU12, the values ofwe of all
the nonirradiated PU samples were virtually identical and
independent of the molecular composition. PU12, on the other
hand, had a much larger value ofwe. The results suggest that
Mc had a direct relationship withwe, which was further evident
by the data obtained with theγ-ray-treated PU14 samples. A
linear relationship betweenMc andwe was achieved (cf. Figure
1), suggesting thatwe seems dictated by the properties of the
chain segments between cross-links rather than the molecular
composition. Moreover,we was found nearly insensitive to the
test temperature as long asT < Tg (cf. Table 1). In other words,

the chain flexibility seemed to have little effect onwe under
this condition.

The evaluation ofwp was mostly focused on the copolyesters
because the samples exhibited a well-defined plastic zone,
enabling the determination of the shape factor of the plastic
zone. The value ofwp of the copolyesters decreased with an
increasing temperature, which was in the same trend as the yield
stress (σy). Most importantly, thewp/σy ratio for a given
copolyester was found virtually a constant, but it was evidently
dependent on the molecular structure (cf. Figure 2). This
observation suggests thatwp may be associated with the yield
stress bywp ) mσy, where m is a material constant. To
understand this relationship and the physical meaning ofm, the
deformation and fracture process in the plastic zone has to be
understood.

The major deformation mechanism in the plastic zone for
the tested materials was shear yielding via network stretching.
This was proven by the fact that when the fractured specimens
were heated at a temperature higher than theTg of the polymer,
the plastically deformed zone was recovered completely. The
deformation mechanism of network stretching is well-known
and widely accepted.15 The entanglements in the molecular
network can be assumed to be permanent chemical cross-links
within the time scale as long as disentanglement does not take
place. The detailed stretching process is as follows. After
reaching the yield point, the network starts to be stretched
plastically up to a strain limit, beyond which the network is
locked and no further viscoplastic flow is allowed; after the
locking point, the network becomes rigid and elastic deformation
takes place via stretching the backbone bonds of the entangled
chains; as a consequence, the stiffness increases dramatically;
finally, the chains rupture at a certain chemical bond. Evidently,
two energy components are involved during the network
stretching and breaking process. One is the plastic work
dissipated in the plastic stretching of the network until the
locking point. The other is the elastic work stored during the
covalent bonds stretching and released as heat at the breaking
of the bonds of the network.16 Obviously, the plastic work is
temperature-dependent while the elastic one is insensitive to
temperature; the plastic stretching takes place in the entire plastic
zone while the elastic stretching occurs only near the fracture
plane due to the stress concentration ahead of the crack tip.

Table 1. Experimental Values ofMc and we of the PU Samples with Different Soft-to-Hard Segment Ratios

PU12 PU13 PU14 PU16 PU18 PU16

Tg [°C] 1 8 22 45 59 45
Tg - T [°C]a 1 8 2 25 39 5
Mc [kg/mol] 2.08 0.88 0.89 0.92 0.92 0.92
we [kJ/m2] 48.3( 1.6 27.3( 1.8 26.6( 1.9 25.7( 1.3 25.2( 1.2 26.3( 1.9

a Tg ) glass transition temperature;T ) test temperature.

Figure 1. Experimental values ofwe of γ-ray-irradiated PU samples
as a function ofMc. Figure 2. wp/σy ratios of copolyesters as a function of temperature.

Macromolecules, Vol. 40, No. 12, 2007 Physics of the Essential Work of Fracture4323



Given the definitions ofwe andwp in the EWF theory and our
experimental findings, it can be expected thatwe is most likely
a function of the elastic work whilewp is closely related to the
plastic work. The following context is to verify this proposition.

The plastic work required to extend the molecular network
of a glassy polymer to its locking point can be estimated by
Eplastic ) σy(λmax - 1), whereλmax is the maximum extension
ratio of an entanglement chain segment (the molecular strand
between two adjacent entanglements). The assumption here is
that the entire network stretching takes place under the same
stress, that is, the yield stress of the material. This assumption
would bring an estimation error of the plastic work because in
reality during plastic deformation strain softening, followed by
strain hardening, always takes place after reaching the yield
point. The error introduced is however reasonably acceptable.
For instance, for the polycarbonate reported in ref 17, the
difference between the actual plastic work calculated using the
stress-strain curve and the estimated one using the above
assumption is less than 5%.λmax can be estimated with a simple
model if the entanglements are assumed to be permanent cross-
links as proposed by ref 18,λmax ) Le/d, whereLe is the contour
length of an entanglement chain segment with a fully extended
conformation andd is the root-mean-square end-to-end distance
of a chain with a molecular weight ofMe, the entanglement
molecular weight.Le andd are determined byLe ) Nvlv cos-

(θ/2) andd ) xC∞Nvlv
2, respectively, whereNv is the number

of real and/or virtual skeletal bonds in an entanglement chain
segment,lv is the average length of a real or virtual skeletal
bond,θ is the angle between two skeletal bonds, andC∞ is the
characteristic ratio of the polymer.19 Further, the relationship
betweenNv and C∞ was proposed asNv ) 3C∞

2, which has
been verified with a variety of glassy polymers.20 The plastic
work can then be estimated by

Equation 1 suggests that the ratio between the plastic work and
the yield stress, [cos(θ/2)x3C∞ - 1], is a temperature-insensi-
tive constant, but this ratio depends on the molecular structure
of the polymer becauseC∞ reflects the flexibility and rigidity
of a coiled chain. ThisEplastic-σy relationship is the same as
that ofwp-σy, suggesting thatwp may be a function ofEplastic.
To quantitatively correlate these two parameters, a set of glassy
polymers were selected for further study. Table 2 lists the
molecular characteristics of the polymers, and the value ofEplastic

calculated with eq 1 in whichθ is taken to be 68° (the bond
angle for polyethylene is 68°). Evidently, the calculated value
of Eplastic is very close to the experimentally determined value
of wp. The good agreement suggests strongly thatwp ≡ Eplastic.
The minor discrepancy between the two is expected and
understandable because of the nonequal length of the chain
segments between entanglements in real situations. With dif-
ferent chain lengths, some of the segments cannot be fully

extended in the loading direction when the shorter ones are fully
stretched. Therefore, the actual extension ratio (λa) must be lower
than the theoretical maximum one (λmax). Using our experi-
mental data, theλa/λmax ratio was found to be about 0.85, which
is in the range reported by Donald et al.18

Through the above discussion, we may propose thatwp of
the EWF theory under a plane stress condition reflects the plastic
work dissipated during the fracture of a polymer thin film via
plastically deforming the molecular network up to its locking
point. This fracture parameter is therefore mostly dependent on
the test temperature and the molecular structure. For a given
polymer sample, as long as its yield stress and molecular
structure are provided,wp may be predicted with the following
equation, which is achieved by the best fitting of the experi-
mental data of a set of glassy polymers as shown in Figure 3a.

Now we consider the energy stored in the elastic stretching
of fully extended networks, which is finally released as heat at
the breaking of the networks. At this stage, the molecular chains
near the fracture plane are highly orientated, and no further
plastic flow is allowed. The conformations of these molecular
chains are schematized as Figure 4. The nodes linking the
molecular chains are entanglements or cross-links. This network
structure is comparable with the structure proposed by Brown
where crazing was considered and between the nodes there were
crazing fibrils.27,28 Assuming that the chains in Figure 4 are
straight and the force is transmitted primarily by the entangle-
ments or cross-links, all the backbone bonds between two
adjacent junctions are subject to the same force.29,30 An
entanglement chain segment can therefore be treated as a unique
point. This treatment bridges the gap between the discrete
microstructure of glassy polymers and the continuum constitu-
tive model of the continuum mechanics, which enables the
estimation of the total elastic energy stored around the crack
tip before the chains break. To calculate this elastic energy, the
number of the chain segments in which the elastic stretching
takes place and their corresponding energy state should be

Table 2. Theoretical Values ofEplastic and Experimental Value of wp

of a Set of Glassy Polymers at Room Temperature20-26

polymera σy [MPa] C∞ Eplastic [MJ/m3] wp [MJ/m3]

PC 58 2.4 68 45
PEEK 63 3.7 107 79
PET 52 4.2 97 99
PETG 45 4.9 94 77
PEN 65 5.4 146 111

a PC ) polycarbonate; PEEK) poly(ether ether ketone); PET)
poly(ethylene terephthalate); PETG) poly(ethylene terephthalate) glycol;
PEN ) poly(ethylene 2,6-naphthalate).

Eplastic) σy[cos(θ/2)x3C∞ - 1] (1)

Figure 3. Correlations between the experimental data ofwe and wp

and their theoretical values: (a)wp; (b) we.

wp ) σy(1.2xC∞ - 1) (2)
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determined. According to the continuum fracture mechanics,
the stress in the loading direction ahead of a crack tip can be
expressed asσ ∝ xa/2r when assuming the crack is sharp,
wherea is the crack length andr is the distance away from the
crack tip.31 Because of the different stress level, the stretching
extents of the chains around the crack tip are varied. There are
two characteristic stresses at the boundary of the elastic
stretching zone. The maximum stress is at the crack tip, which
reaches the chain breaking stress (σbreak) when fracture occurs.
The stress at the outside boundary is taken to beσy since the
chains within the zone must have been deformed plastically
when fracture occurs. The half-width of the elastic stretching
zone can thereby be expressed asb ) b0(σbreak/σy)2, whereb0

is the distance between the crack tip and the nearest chain
segment orientated in the direction 90° to the fracture plane,
which can be treated approximately to be the length of a chain
segment between two entanglements. Given the force to break
a single C-C bond is 2.0-13.4 nN32 and the chain density
across a unit area is about 5× 1018/m2,16 σbreak is in the range
of 10-67 GPa. Theσy of the present polymers is about 10-50
MPa. Then,b ≈ (0.2-7) × 106b0. In other words, in each side
of the fracture plane along the loading direction, namely the
y-direction in Figure 4, there are about (0.2-7) × 106 chain
segments being elastically stretched. The stored elastic energy
in these segments is different, varying with the distance away
from the crack tip, that is,E ∝ σ2 ∝ 1/n (assuming the elastic
deformation via bond stretching is linear), wheren is from 1 to
(0.2-7) × 106, corresponding to the distance of the chains away
from the crack tip. Nominating the maximum elastic energy
stored in the chain segment at the crack tip before it breaks as
Echain, the elastic energy stored in other chains isEn ) Echain/n.
Then, the maximum elastic energy stored in the chains
perpendicular to a unit fracture area on both sides of the fracture
plane isEelastic ) 2Ω∑n)1

(0.2-7)×106
(Echain/n) ) (26-32)ΩEchain,

whereΩ is the chain density across the fracture plane. Since
all the backbone bonds in an entanglement chain segment are
stressed to the breaking point when rupture occurs,29,30 the
activation energy for breaking a fully stretched chain segment
is Echain) NeEbond, whereEbondis the activation energy to break
a covalent bond andNe is the number of the backbone bonds in
an entanglement chain segment. Finally

Evidently, this specific elastic energy is independent of the
specimen geometry and ligament length, insensitive to the test

temperature, and mostly determined byNe, which is a function
of the entanglement molecular weight (Me). These dependences
are in good agreement with our experimental observations of
we, suggesting thatwe may be a function ofEelastic. Quantitatively
correlating these two parameters was also made with a set of
glassy polymers as follows.Ebond is mainly composed of the
energy for bond stretching and bond bending.16 The former is
to elongate the chemical bond from the equilibrium distance to
the critical value where the chemical bond fails. For a C-C
bond, this dissociation energy is about 350 kJ/mol.16 The latter
is to open the equilibrium angle between two bonds to a larger
one. For C-C bonds, the maximum energy for this bond angle
opening is about 400 kJ/mol with an assumption that the angle
is opened to 180°.33 Therefore, the activation energy for breaking
a C-C bond is about 750 kJ/mol, namely, 1.3× 10-18 J/bond.
This value may be larger than the actual one since the bond
angle is impossible to be opened to 180° before the bond breaks.
Since the activation energy for breaking a C-O or CdC bond
is much larger than that for breaking a C-C bond, we can
suppose that the rupture of a chain occurs at C-C bonds and
take 1.3× 10-18 J/bond asEbond. Then

As shown in Table 3, the calculated value ofEelastic is lower
than the experimentally determined value ofwe of the glassy
polymers. The theoretical value ofEelasticwould be even lower
if we consider that the energy for bond angle opening cannot
reach as high as 400 kJ/mol. The disagreement betweenEelastic

andwe is believed to be mostly a result of the assumption of a
sharp crack made in the model. In real situations, the crack tip
should be severely blunted because of the large-scale plastic
deformation involved in front of the crack. With a blunted crack
tip, the half-width of the elastic stretching zone (b) will be much
larger, which means that theEelastic/(NeΩ) ratio in eq 4 should
be larger than (34-42) × 10-18 J. A more accurate estimation
of Eelastic needs precise modeling of the stress distribution in
front of a severely blunted crack tip. However, the difficulty is
obvious, and it will involve other assumptions. Moreover, one
may notice that in our model different treatments of stress
distribution only affect the prefactors in eqs 3 and 4, which
means that the basic relationship between the total elastic work
and the molecular characteristics,Eelastic∝ (Ne × Ω), is always
valid, regardless of stress distribution used.

When best fitting the experimental data, as illustrated in
Figure 3b, a linear relationship betweenwe and NeΩ was
achieved as eq 5.

Figure 4. Conformation of highly orientated molecular chains around
a crack tip.

Eelastic) (26-32)ΩNeEbond (3)

Table 3. Theoretical Values ofEelastic and Experimental Values ofwe

of a Set of Glassy Polymers20-26

polymera
Me

[g/mol] Ne

Ωb

[10-18/m2]
Eelastic

[kJ/m2]
we

[kJ/m2]

PC 1780 90 3.1 10-12 40
PEEK 1350 70 4.4 11-13 37
PET 1680 76 4.6 12-15 50
PEN 1810 89 4.5 14-17 55
PU12 900 47 3.5 6-7 27
PU13 2080 109 3.5 13-16 48

a PC ) polycarbonate; PEEK) poly(ether ether ketone); PET)
poly(ethylene terephthalate); PEN) poly(ethylene 2,6-naphthalate); PU
) polyurethane.b Estimated byΩ ) (sample density× length of repeat
unit)/(weight of repeat unit).34

Eelastic) [(34-42)× 10-18J]NeΩ (4)

we ) (140× 10-18 J)NeΩ (5)
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The good linearity of the fitting curve implies strongly thatwe

∝ (NeΩ). With a comparison between eqs 4 and 5, we may
propose thatEelastic is most likely the dominant energy compo-
nent dedicated towe. The difference of the prefactor in the two
equations (the prefactor in eq 4 is lower than the prefactor in
eq 5) is mostly owing to the assumption of a sharp crack made
in our model, as discussed previously. Similar to the case of
wp, the value ofwe of a given polymer may be predicted from
its molecular characteristics with eq 5.

Finally, we wish to address that the model was established
with glassy polymers deforming via network stretching under
a plane stress condition. Some assumptions are as follows: (1)
The physical entanglements are taken to be permanent cross-
links, which is valid only whenT < Tg. When temperature is
high or the molecular weight of the polymer is very low,
disentanglement or chain pull-out must be considered. (2) The
deformation mechanism in the plastic zone is shear yielding,
which is valid only for the polymers with flexible chains. For
those with crazing mechanism, the model needs to be modified.
(3) The entanglement chains are fully extended before rupture
occurs, which can only be achieved when the deformation rate
is low enough so that the stress can be transmitted efficiently
in the entire zone ahead of the crack tip. When the deformation
rate is high, the rate dependence of deformation needs to be
considered, which will lower both the plastic and elastic energy
terms. Moreover, because of the lack of theoretical and
experimental data, some other approximations were also made
during quantitatively correlating the plastic and elastic work to
the EWF parameters. Obviously, there are still rooms for the
improvement of the current model.

Conclusion

In summary, a model that can describe the EWF method on
the molecular level was built with some assumptions and
simplifications. This is the first theoretical model in the EWF
development history. The physical meanings of the EWF
parameters for glassy polymers were proposed and tested.wp

is proposed to be the energy for fully plastic extending of the
networks in the plastic zone, andwe is proposed to be the energy
for elastic stretching and breaking of the backbone bonds of
the extended chain segments near the fracture plane. With this
model, some of the previous experimental observations ofwp

and we were successfully explained. For instance,wp is
temperature and molecular structure dependent and has a direct
relationship withσy; we is geometry-independent for thin films
and temperature-insensitive atT < Tg. Use of this model, the
toughness in terms of EWF parameters for a given polymer may
be predicted from its molecular characteristics, and meanwhile,
molecular structures of new polymers with desired fracture
toughness may be designed according to the model, too.
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